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Abstract
Thermodynamic metric usually works only for those black holes with more than one con-
served charge, therefore the Schwarzschild black hole was excluded. In this letter, we compute
and compare different versions of offshell thermodynamic metric for the Schwarzschild-like black
hole by introducing a new degree of freedom. This new degree of freedom could be the running
Newton constant, a cutoff scale for regular black hole, a noncommutative deformation, or the de-
formed parameter in the nonextensive Tsallis-Re`nyi entropy. The onshell metric of the deformed
Schwarzschild solution would correspond to the submanifold by gauge fixing of this additional
degree of freedom. In particular, the thermal Ricci scalar for the Schwarzschild black hole,
though different for various deformation, could be obtained by switching off the deformation.
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I. INTRODUCTION
The thermodynamic metric has been studied for decades. First concept was brought
by Weinhold [1], who regarded the Hessian of internal energy as a mretic of quilibrium
states. Then there was the Ruppeiner metric [2] given by the negative Hessian of entropy
with respect to conserved charges. It was shown that the Weinhold and Ruppeiner are
conformally equivalent to each other [3]. Quevedo suggested a Legendre invaraint form
of metric in the formalism of geometrothermodynamics[4, 5] and Hendi et al [6] proposed
another new metric such that divergence of Ricci scalar coincides with phase transition
points.
For the black hole with single charge, such as the Schwarzschild black hole, the charge
has to be its ADM massM and represents the internal energy of the system. According to
the first law of thermodynamics, its mass can be expressed as a function of the Bekenstein-
Hawking entropy S, say M = M(S), which is a monotonically increasing function of
single varaible and S could be seemed as a reparametrization of a one-dimensional curve
for M ≥ 0. The thermodynamic metric, of course, is trivial for such a one-dimensional
space. However, a theory of quantum gravity is expected to generate a ultraviolate (UV)
scale, denoting ΛX , to prevent the catastrophe of infinite temperature predicted by the
Schwarzschild metric at its final stage. Although satisfactory theory of quantum gravity
is still unavailable, it may be still possible to construct an effective theory consistent
with the General Relativiry (GR) but with the desired UV scale. This effective theory
should correspond to a modified Schwarzschild metric and one may assign a one-parameter
deformation function M = MX(S), where deformation parameter X is determined by the
desired UV scale ΛX . If we regard X to be a new degree of freedom, meaning that scale
ΛX is allowed to run freely, we obtain an energy function of two variables instead, say
M = M(S,X). In this way, we may have a nontrivial two-dimensional thermodynamic
metric and the modified Schwarzschild-like solution is just the submanifold after a specific
X is chosen. As an analogy to the gauge theory, one may regard this two-dimensional
thermodynamic metric offshell and the onshell effective theory is obtained by gauge fixing
X . In this letter we will focus on four different effective theories: the Schwarzschild
solution with a running Newton’s gravitational constant [7], the regular Schwarzschild-
like black hole with a UV cutoff [8], the noncommutative geometry inspried Schwarzschild
black hole [9], and the Schwarzschild black hole with a nonextensive Tsallis entropy[10].
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This paper is organized as follows: in the section II, we studied various thermodynamic
metric for the Schwarzschild black hole with a running Newton’s gravitational constant
G. We found it give vanishing Ricci scalar if one simply regards G as a free parameter.
In stead, if one regarded the UV scale on which G depends as the new degree of free-
dom, then nontrivial Ricci scalar can be obtained. In the section III, we studied various
thermodynamic metric for the regular Schwarzschild-like black hole and regarded the UV
length scale as the free parameter. Zeros of heat capacities and poles in the Ricci scalars
in each thermodynamic metric were computed and compared. In the limit of ordinary
Schwarzschild black hole, most Ricci scalars are found inversely proportional to the en-
tropy to some power. In the section IV, we studied various thermodynamic metric for
the noncommutative geometry inspired Schwarzschild black hole. We computed and com-
pared the zeros and spikes in the heat capacities with the poles and spikes in the Ricci
scalars. The heat capacities bahave like the ordinary Schwarzschild black hole for large
entropy, while the Ricci scalar was found inversely proportional to the noncommutative
parameter at the extremal limit where the Hawking temperature vanishes. In the section
V, we studied various thermodynamic metric for the Schwarzschild black hole but with
the Tsallis-Re`nyi entropy. While the thermal Ricci scalars in the Ruppeiner and Weinhold
behaved similarly as those in the running Newton constant, they behaved very differently
in the HPEM metric. We summarize our result in the section VI.
II. SHCWARZSCHILD BLACK HOLE WITH RUNNING NEWTON CON-
STANT
We first regard the Newton’s gravitational constant G as a free parameter and the
Bekenstein-Hawking entropy as a function of both G and mass M , that is
S(G,M) =
4piGM2
c4
. (1)
The idea of time-varying G was started long ago by Dirac to explain the coincidence
between two large dimensionless numbers of O(1039) [11]. It appeared later in the Wein-
berg’s asymptotic saftey for quantum gravity, which is based on the assumption that
there exists a nontrivial fixed point for the renormalization group flow of G [12]. Now
we compute the Ruppeiner metric, which is given by he negative Hessians of the entropy
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function (1):
ds2R = −SMMdMdM − 2SMGdMdG− SGGdGdG
= −8piG
c4
dM2 − 16piM
c4
dMdG, (2)
where SXY denotes the differential ∂X∂Y S. It can be shown that Ruppeiner metric is flat.
Now we rewrite the ADM mass as a function of entropy and Newton constant, that is
M(S,G) =
c2
2
√
S
piG
, (3)
which is identified as the internal energy of the black hole. The Hessians of the internal
energy gives rise to the Weinhold metric:
ds2W = MSSdSdS + 2MSGdSdG+MGGdGdG
= − c
2
8
√
pi
1√
S3G
dS2 − c
2
4
√
pi
1√
SG3
dSdG+
3c2
8
√
pi
√
S
G5
dG2, (4)
where MXY denotes the differential ∂X∂YM . It can be shown that the Weinhold metric
is also flat. Now we move to the Quevedo metric, which is given by[13]
ds2Q = Ω(−MSSdSdS +MGGdGdG)
= Ω(
c2
8
√
pi
1√
S3G
dS2 +
3c2
8
√
pi
√
S
G5
dG2) (5)
with some conformal factor Ω. In the Quevedo metric of case I, one has the choice
ΩI = SMS +GMG =
c2
4
√
pi
√
S
G
+ (− c
2
4
√
pi
√
S
G
) = 0 (6)
or
ΩII = SMS =
c2
4
√
pi
√
S
G
(7)
for the case II. We remark that there could exist infinite number of Legendre-invariant
metrics and the above choices were picked up for simplicity. Another new metric proposed
by Hendi et al [6], denoting HPEM metric, claimed to remove the unwanted poles in the
thermal Ricci scalar. This corresponds to the choice of conformal factor ΩN :
ΩN = S
MS
M3GG
=
128pi
27c4
G7
S
(8)
However, all Quevedo and HPEM metric are flat and have vanishing Ricci scalar. This
seems to imply that there is no thermodynamic interaction. To have a nontrivial Ricci
scalar, we assume a toy model for running Newton constant[7]:
1
G(k)
=
1
k
+
1
G∞
, (9)
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FIG. 1: (Left) Ricci scalar RW and heat capacities Ck and CS for various k at fixed S = 1.
(Right) Ricci scalar RW and heat capacity Ck and CS for various S at fixed k = 1.
where k is the energy scale. The finite G∞ implies a vanishing Newton constant at IR and
asymptotically UV safe theory of gravity. Now we regard energy scale k, instead of G, as
a free parameter and calculate various thermodynamic metric. That is, we consider the
entropy function S = S(M,G(k)) = S(M, k) for the Ruppeiner metric. The Ricci scalar
for the conformally flat Ruppeiner metric is found to be
RR = − c
4
16piG∞M2
, (10)
which is independent of k. The Ricci scalar for the Weinhold metric reads
RW = −
√
pi
c2G∞
√
G(k)3
S
, (11)
which vanishes at IR and approaches constant at UV. The heat capacity for constant k
and constant S are computed respectively
Ck = −2S, CS = −2k(k +G∞)
4k + 3G∞
. (12)
We remark that the heat capacity Ck is explicitly independent on the scale k and its
negative value, which signals the instability, agrees with the conventional Schwarzschild
black hole with constant G. We plot them in the figure 1. The Ricci scalars for both
Ruppeiner and Weinhold metric remain negative for finite S and k. It becomes divergent
as M → 0 and vanished at IR limit (M → ∞ or k → 0). While the Quevedo metric of
case I turns out to be flat, the Quevedo metric of case II has a running Ricci scalar:
RΩII = −
64piG∞k
2
c4S(4k + 3G∞)2
(13)
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FIG. 2: (Left) Ricci scalar RΩII and heat capacities Ck and CS for various k at fixed S = 1.
(Right) Ricci scalar RΩII and heat capacity Ck and CS for various S at fixed k = 1.
FIG. 3: (Left) Ricci scalar RN and heat capacities Ck and CS for various k at fixed S = 1.
(Right) Ricci scalar RN and heat capacity Ck and CS for various S at fixed k = 1.
which takes the following form at UV limit
lim
k→∞
RΩII = −
4piG∞
c4S
. (14)
We remark that both RR and RΩII at UV limit are inversely proportional to Ck if area
law is true for all scales. At last, the Ricci scalar for the HPEM metric reads
RN = −c
2G∞S(72k
2 + 116kG∞ + 33G
2
∞
)
16
√
pik6(k +G∞)4
√
G(k)
S
, (15)
which vanishes at UV limit and scales as −|Ck|1/2 for fixed k. We plot them in the figure
2 and 3
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III. REGULAR SCHWARZSCHILD-LIKE BLACK HOLE
Now we inspect various thermodynamic metric for a regular black hole which has the
Schwarzschild metric from outset but a singularity-free interior. It was first proposed by
Hayward[8] and recently served as a toy model to answer Hawking’s resolution to the
firewall and information paradox[14]. The metric reads:
gtt = g
rr = 1− 2GMr
2
r3 + 2l2GM
, (16)
which behaves like the ordinary Schwarzschild black hole at large distance but a de Sitter
space for r ≪ r+. Now regarding l to be a new degree of freedom, we have the internal
energy
M(S, l) =
√
S3
2
√
pi(S − pil2) . (17)
The Hessian of M gives the Weinhold metric:
ds2W = −
S2 − 6pil2S − 3pi2l4
8
√
piS(S − pil2)3 dM
2 −
√
piS3l(S + 3pil2)
S(S − pil2)3 dMdl +
√
piS3(S + 3pil2)
(S − pil2)3 dl
2. (18)
which is conformally flat with Ricci scalar
RW =
2
√
pi(S2 + 6pil2S − 15pi2l4)√
S(S + 3pil2)(S − 3pil2)2 (19)
and the heat capacities evaluated at fixed l or fixed S respectaively read
Cl = −2S(S − pil
2)(S − 3pil2)
S2 − 6pil2S − 3pi2l4 , CS = −l
S − pil2
S + 3pil2
. (20)
We remark that a pole of RW , S = 3pil
2, coincides with a zero of Cl at the extremal limit
r+ =
√
3l. Furthermore, the ratio γ ≡ CS/Cl has the same poles as that of Ricci scalar
and removes the unphysical zero at S = pil2. The heat capacity Cl → −2S at the limit
S ≫ l2, as expected from the Schwarzschild black hole.
Now we study the Quevedo metric. The conformal factors for the case I and II are
ΩI =
√
S3(S + pil2)
4
√
pi(S − pil2)2 , ΩII =
√
S3(S − 3pil2)
4
√
pi(S − pil2)2 (21)
respectively. The corresponding Ricci scalar for case I is lengthy to be skipped here, but
its denominator reads
demoninator(RQI ) = S
2(S + pil2)3(S + 3pil2)2(S2 − 6pil2S − 3pi2l4)2. (22)
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FIG. 4: (Left) Ricci scalar RW for the Weinhold metric and heat capacities Cl and CS . Here
we set l = 1 for all simulation. (Right) Ricci scalar RN for the HPEM metric and heat capacity
Cl and CS .
Although there is no pole which agrees with the extremal limit, it poccesses the same
positive pole as that of Cl, i.e. S = (3 + 2
√
3)pil2. The denominator of Ricci scalar for
case II reads
demoninator(RQII ) = S
2(S − 3pil2)(S + 3pil2)(S2 − 6pil2 − 3pi2l4)2 (23)
and the desired pole, S = 3pil2, is one of them. As to the HPEM metric, the denominator
for its Ricci scalar reads
demoninator(RN ) = (S − 3pil2)(S − pil2)4(S2 − 6pil2 − 3pi2l4)2, (24)
while it keeps the desired pole but replaces the pole S = 0 by S = pil2 instead. We remark
that at the Schwarzschild limit l → 0, the Ricci scalar for different metrics read
RW = 2
√
pi
S
, RQI = 0, RQII =
32pi
S
, RN = 200
√
pi5
S5
. (25)
We remark that beside the case I of Quevedo metric, Ricci scales are inversely proportional
to S to some power as l → 0. We plot those Ricci scalars with heat capacities in the
figure 4 and 5. The nonvanishing Ricci scalar implies that strength of thermodynamic
interaction increases as the black hole evaporates. The divergance at the final stage
suggests a phase transition where new degrees of freedom in the quantum gravity would
play an important role.
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FIG. 5: (Left) Ricci scalar RΩI for the Quevedo model I and heat capacities Cl and CS . (Right)
Ricci scalar RΩII for the Quevedo model II and heat capacities Cl and CS.
FIG. 6: (Left) Heat capacity Cθ for fixed θ = 0.01 The inset plot shows a zero at small S.
(Right) Heat capacity CS for different S.
IV. NONCOMMUTATIVE GEOMETRY INSPIRED SCHWARZSCHILD
BLACK HOLE
In the noncommutative geometry, a smear source was proposed to resolve the singu-
larity at the center of Schwarzschild black hole[9]:
M(
√
S
pi
, θ) =
√
S
4γ(3
2
, S
4piθ
)
, (26)
where the imcomplete gamma function γ(a, x) =
∫ x
0
ta−1e−tdt.
Now regarding the noncommutative parameter θ as a free varaible, one can compute
the lengthy Weinhold metric, wchih is flat. Heat capacities Cθ at fixed θ and CS at fixed
S are plotted in the figure 6. We remark that Cθ has a zero at small S and follows by
a spike. It approaches the line Cθ = −2S for large S, as expected for the Schwarzschild
9
FIG. 7: (Left) Ricci scalar for Quevedo metric model I of NC black hole and heat capacity for
constant θ. (Right) Ricci scalar for Quevedo metric model I of NC black hole and heat capacity
for constant θ at small S.
black hole. On the other hand, CS monotoneously decreases with S. Both models in the
Quevedo metric are all conformally flat. We plot their Ricci scalars together with heat
capicities in the figure 7 and figure 8. We remark that the pole of RΩI matches with the
spike of Cθ, but their zeros at small S do not agree. On the other hand, the spike of RΩII
agrees with the zero of Cθ at small S. The Riccis scalar of HPEM metric RN is potted in
the figure 9 and the zero and spike of Cθ agrees with the spike and pole of RN .
It is not straightforward to take θ → 0 limit for the thermal Ricci scalar. However, if
the above onshell limit is taken with the extremal condition S = 9piθ, it is found that
R ∼ −C
θ
, (27)
where C ≃ 0.72 for the model I of Quevedo metric and C ≃ 1.28 × 105 for the model
II. Since the extremal limit can be regarded as a kind of vacuum (ground state) of non-
commutative space for its zero temperature, it is entertaining to suggest the divergence
of Ricci scalar at θ → 0 limit implies a phase transition from the noncommutative space
to the commutative space.
V. SHCWARZSCHILD BLACK HOLE WITH TSALLIS-RE`NYI ENTROPY
Biro´ and Czinner [10] regarded the Hawking-Bekenstein entropy as the non-extensive
Tsallis or Re`nyi entropy. The Tsallis entropy has been devised to fit the power-law tailed
spectra, and the Schwarzschild black hole becomes thermally stable at a fixed temperature
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FIG. 8: (Left) Ricci scalar for Quevedo metric model II of NC black hole and heat capacity for
constant θ. (Right) Ricci scalar for Quevedo metric model II of NC black hole and heat capacity
for constant θ at small S.
FIG. 9: (Left) Ricci scalar for HPEM metric of NC black hole and heat capacity for constant
θ. (Right) Ricci scalar for HPEM metric of NC black hole and heat capacity for constant θ at
small S.
in a similar way as that in the anti-de Sitter space[10, 15]. Here the Re`nyi entropy reads,
Sa(M) =
1
a
ln(1 + 4piaM2), (28)
where the Bekenstein-Hawking entropy is obtained at the Schwarzschild limit a→ 0.
Now we regard the entropy as a function of both mass and a, say S(M, a) =
Sa(M). The Ruppeiner metric is conformally flat. The Ricci scalar expands around
the Schwarzschild limit as:
RR =
45
256piM2
+
171
1280
a− 549pi
5120
M2a2 + · · · . (29)
The Weinhold metric can be obtained from inverting (28) and the Ricci scalar expands
around the Schwarzschild limit as:
RW = −19
16
√
pi
S
+
123
160
√
piSa− 3721
15360
√
piS3a2 + · · · . (30)
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FIG. 10: (Left) Ricci scalar for Weinhold metric for black hole with Re`nyi entropy and heat
capacity for constant a and constant S at fixed a = 1. (Right) Ricci scalar for Weinhold metric
for black hole with Re`nyi entropy and heat capacity for constant a and constant S at fixed
S = 1.
FIG. 11: (Left) Ricci scalar for Quevedo metric for black hole with Re`nyi entropy and heat
capacity for constant a and constant S at fixed a = 1. (Right) Ricci scalar for HPEM metric for
black hole with Re`nyi entropy and heat capacity for constant a and constant S at fixed a = 1.
We remark that the leading terms in RR and RW behave like those in (10) and (11) but
with different coefficients. We plot the Weinhold Ricci scalar and heat capacities against
entropy and parameter a respectively in the figure 10.
In the figure 11, we plot the Ricci scalars for Quevedo metric and HPEM metric. The
divergence of both Ricci scalars agree with the heat capacity Ca. At the Schwarzschild
limit, their Ricci scalars behave as follows:
RΩI =
3456pi
25S
, RΩII =
352pi
5S
, RN =
965
27648
√
S13
pi
. (31)
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Theories Ruppeiner Weinhold Quevedo I Quevedo II HPEM
Running Ga −S−1 −S−1/2 0 −S−1 0
Regular BH -b S−1/2 0 S−1 S−5/2
Noncommutative BHc - −S−1 −S−1 −S−1 −S−1
Re`nyi entropy S−1 −S−1/2 S−1 S−1 S13/2
aWe also take the UV limit k →∞.
bWe do not carry the computation in this letter.
cExtremal limit is taken before sending θ → 0.
TABLE I: Onshell thermal Ricci scalar at the Schwarzschild limit. Here we assume the
Bekenstein-Hawking area law is correct.
VI. DISCUSSION
In this letter, we study the offshell thermal metric of Schwarzschild black hole by
introducing a new degree of freedom, which could be the running Newton constant, a cutoff
scale for regular black hole, a noncommutative deformation, or the deformed parameter
in the nonextensive Tsallis-Re`nyi entropy. The onshell thermal Ricci scalar of original
Schwarzschild black hole is obtained by guage fixing this freedom. In the table I, we
summarize our result for different metric and various deformation. In many cases, the
Ricci scalar blows up at the final stage of evaporation where S → 0. This calls for a
theory of quantum gravity to resolve the divergence. For those effective theories with
deformation, the Ricci scalar in the Quevedo or HPEM metric usually has a pole at finite
entropy, which agrees with either a zero or pole in the heat capacity. This implies the
existence of a phase transition at some UV scale due to emerged degrees of freedom in
quantum effects.
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